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EXAMINATION, 2020 

MATHEMATICS 

Paper Second 

(Abstract Algebra)  

Time : Three Hours 

Maximum Marks : 50 

uksV %uksV %uksV %uksV %    izR;sd bdkbZ ls dksbZ nks nks nks nks Hkkx gy dhft,A lHkh iz’uksa d¢ 
vad leku gSaA 

 Attempt any two parts of each Unit. All questions carry 

equal marks. 

bdkbZbdkbZbdkbZbdkbZ&&&&1111    
(UNIT—1) 

1- ¼v½ eku yks G  ,d lewg gS rFkk g ] lewg G  dk ,d fLFkj 
vo;o gSA rc fl) dhft, fd izfrfp=.k gT : G G→  

tks fd ( ) 1
gT Gx g x g x−= ∀ ∈  ls ifjHkkf”kr gS] 

lewg G  dk ,d Lokdkfjrk gSA 
Let G be a group and Gg ∈  be a fixed element of 

G. Then prove that the mapping gT : G G→  

defined by  ( ) 1
gT Gx g x g x−= ∀ ∈ is an 

automorphism. 
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¼c½ eku yks H  rFkk K  ,d ifjfer lewg G  ds dksbZ nks 

milewg gSa rFkk ( )o H o (G)>  ,oa ( ) ( )o K o G ,>

rc n’kkZb;s fd % 

{ }H K e≠∩ , 

tgk¡ e  lewg G  dk RkRled gSA 

Let H and K be two subgroups of a finite group G, 

such that : 

        
( )o H o (G)>

  
and  ( ) ( )o K o G>

 

then show that { }H K e≠∩ , where e is the identity 

element of G. 

¼l½ fl) dhft, fd fdlh lewg G  dk dsUnz ( )Z G ] lnSo 

G  ij ,d izlkekU; milewg gksrk gSA 

Prove that the centre ( )Z G of a group G is always a 

normal subgroup of G. 

bdkbZbdkbZbdkbZbdkbZ&&&&2222    

(UNIT—2) 

2- ¼v½ fl) dhft, fd ,d oy; dk izR;sd foHkkx oy;] ml 

oy; dk lekdkjh izfrfcEc gksrk gSA 

Prove that every quotient ring of a ring, is 

homeomorphic image of the ring. 
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¼c½ ;fn ( )f x  rFkk ( ) [ ], Rg x x  ds nks ‘kwU;srj cgqin gksa] 
rks n’kkZb;s fd % 

(i) ( ) ( )deg f x g x+ ≤  

( ) ( ){ }max deg , degf x g x   

;fn ( ) ( ) 0f x g x+ ≠ ( 

(ii) ( ) ( )deg f x g x+ ≤
 

( ) ( )deg degf x g x+  

If ( )f x  and ( )g x  are two non-zero polynomials of 

R [ ]x , then show that : 

(i) ( ) ( )deg f x g x+ ≤  

( ) ( ){ }max deg , degf x g x   

if ( ) ( ) 0f x g x+ ≠ ( 

(ii) ( ) ( )deg .f x g x ≤
 

( ) ( )deg degf x g x+  

¼l½ ‘ks”kQy izes; ß;fn cgqin ( )f x  dks ( )x a−  ls Hkkx 
fn;k tk;s] rks ‘ks”kQy ( )f a  gksrk gSAÞ fl) dhft,A 

The remainder theorem “If the polynomial is divided 

by ( )x a− , then the remainder is ( )f a .” Prove this 

theorem.  

bdkbZbdkbZbdkbZbdkbZ&&&&3333    

(UNIT—3) 

3- ¼v½ n’kkZb;s fd lfn’k ¼2] 1] 4½] ¼1] &1] 2½ vkSj ¼3] 1] &2½] 
3R  ds fy, ,d vk/kkj fufeZr djrs gSaA 

Show that the vectors (2, 1, 4), (1, –1, 2) and  

(3, 1, –2) make the basis of R
3
. 
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¼c½ fl) dhft, fd fdlh lfn’k lef”V ds fdUgha nksnksnksnks 

milef”V;ksa dk loZfu”B Hkh ,d milef”V gksrk gSA 

Show that the intersection of two vector subspaces 

of a given vector space is also a vector subspace. 

¼l½ fl) dhft, fd [ ]R x ] R  ij x  esa lHkh cgqinksa ds 

lfn’k lef”V esa cgqinksa % 

( ) 21 2p x x x= + +  

( ) 22q x x x= − +   

( ) 24 5r x x x= − + +  

dk fudk; jSf[kdr% ijrU= cgqin gSA 

Prove that the polynomials : 

( ) 21 2p x x x= + +  

( ) 22q x x x= − +   

( ) 24 5r x x x= − + +   

defined on R [x], where R is the vector space of all 

polynomials of x, are linearly dependent 

polynomials. 

bdkbZbdkbZbdkbZbdkbZ&&&&4444    

(UNIT—4) 

4- ¼v½ fn[kkb;s fd izfrfp=.k % 

( ) ( )3 2T:V R V R→   

tks fd ( ) ( )T , , ,a b c c a b= +  ls ifjHkkf”kr gS] ,d 

jSf[kd izfrfp=.k gSA 
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Show that the mapping  : 

( ) ( )3 2T:V R V R→   

defined by ( ) ( )T , , ,a b c c a b= +  is a linear 

transformation. 

¼c½ buesa ls dkSu&lk izfrfp=.k( tks fd 2R  ds lfn’kksa 

( ) ( )1 2 1 2, , ,x x y yα = β = ds fy, ifjHkkf”kr gS] 

f}&,d?kkrh le?kkr gS \ f}&,d?kkrh ds fy, nksuksa dh 

tk¡p dhft, % 

(i) ( ) 1 2 2 1,f x y x yα β = −   

(ii) ( ) ( )21 2 2 2,g x y x yα β = − +  

Which of the following mappings; defined on R
2
 for 

vector ( ) ( )1 2 1 2, , ,x x y yα = β =  is bilinear form ? 

Test both for bilinearity : 

(i) ( ) 1 2 2 1,f x y x yα β = −   

(ii) ( ) ( )21 2 2 2,g x y x yα β = − +  

¼l½ fuEufyf[kr lefer vkO;wg ds laxr f}?kkrh le?kkr dks 

fyf[k, % 

1 3 4

A 3 2 2

4 2 5

− 
 = − 
 − 

. 
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Write the following symmetric matrix : 

1 3 4

A 3 2 2

4 2 5

− 
 = − 
 −   

into corresponding quadratic form. 

bdkbZbdkbZbdkbZbdkbZ&&&&5555    

(UNIT—5) 

5- ¼v½ ;fn α  vkSj β  ,d vkUrj&xq.ku lef”V ( )V F  ds nks 

lfn’k gSa] rks fl) dhft, fd % 

(i) 4
2 2 2

, i iα β = α + β − α − β + α + β  

2
i i− α − β  

(ii) α + β ≤ α + β   

If α  and β  are vectors of an inner-product space  

V (F), then prove that : 

(i) 4
2 2 2

, i iα β = α + β − α − β + α + β  

2
i i− α − β  

(ii) α + β ≤ α + β  

¼c½ xzke&f’eV ykafcdhdj.k izØe dk mi;ksx djrs gq, fn, 

x, vk/kkj { }1 2 3B , , ,= β β β  ls ,d izlkekU; ykafcd 

vk/kkj izkIr dhft,] tgk¡ ( )1 1, 0,1 ,β =  ( )2 1, 2, 2β = − ] 

( )3 2, 1,1β = − A 
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Using Gram-Schmidt orthogonalization process, 

find the orthonormal basis for the given base :  

B = { }1 2 3, , ,β β β  where ( )1 1, 0,1 ,β =  

( )2 1, 2, 2β = −  and ( )3 2, 1,1β = − . 

¼l½ lfn’kksa  

( ) ( ) ( )1 2 1 2 2, , , V Ra a b bα = β = ∈   

ds fy, fn[kkb;s fd 2V ( )R  vkUrj&xq.ku lef”V gksxk] 

tcfd vkUrj&xq.ku dh ifjHkk”kk fuEu izdkj gS % 

1 1 2 2, 3 2a b a bα β = + . 

For the vectors : 

( ) ( ) ( )1 2 1 2 2, , , V Ra a b bα = β = ∈  

show that V2 (R) is an inner-product space defined 

by the inner-product : 

1 1 2 2, 3 2a b a bα β = +
. 
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